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Abstract 

We prove the existence and the uniqueness of the static dyonic black holes in 
four dimensional N = 1 supergravity theory coupled vector and scalar multiplets. 
We set the near-horizon geometry to be a product of two Einstein surfaces, whereas 
the asymptotic geometry has to be a space of constant scalar curvature. Using these 
data, we show that there exist a unique solution for scalar fields which interpolates 
these regions. 


1 Introduction 

Four dimensional static spacetimes, which are closely related to the spherical symmetric 
black holes, have been intensely studied because it may be a simple model and useful to 
test an extension theory of Einstein’s general relativity. For example, a supersymmetric 
extension of Einstein’s general relativity called N = 1 supergravity is of interest to con¬ 
sider since in the rigid limit it may provide a unification theory. 

Recently, some authors considered a class of extremal spherical symmetric black hole 
solutions of four dimensional N = 1 supergravity coupled to vector and chiral multiplets 
with the scalar potential turned on [I]. These black holes are non-supersymmetric. The 
boundaries of the black holes are set to be spaces of constant scalar curvature. Near the 
horizon, the geometry becomes a product space formed by two Einstein surfaces, namely 
two-anti de Sitter surface ( AdS 2 ) and two-sphere S 2 . While, in the asymptotic region the 
geometry turns to a space of constant scalar curvature which is not Einstein. 

At the boundaries the complex scalars are frozen and regular. If the value of the 
scalars in both regions coincides, then both asymptotic and near-horizon geometries may 
correspond to each other. This can be achieved if the Arnowitt-Deser-Misner (ADM) 
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mass is extremized which implies that the scalar charges vanish [1], 

In this paper we prove locally and globally the existence of static dyonic black holes 
of N — 1 local supersymmetry (supergravity) with general coupling of vector and scalar 
multiplets in four dimensions. These black holes are generally non-extremal and non- 
supersymmetric. We use the same setting for the geometry of the boundaries of the 
black holes as the previous case mentioned above. Our result here also covers the non- 
supersymmetric case of N — 1 theory [2] and could be applied to the supersymmetric 
black holes in N — 2 theory M- 

To prove the local existence and the uniqueness, we use a contraction mapping the¬ 
orem to the complex scalar field equations of motions. By defining an integral operator, 
the existence and the uniqueness can be achieved by showing that the non-linear parts 
satisfy the local Lipshitz condition. This can be done by taking several assumptions in the 
following: First, both Kahler potential and Christoffel symbol are bounded above by U(n ) 
symmetric Kahler potential and its Christoffel symbol, respectively. These estimates can 
be used to eliminate the quantity associated with Kahler metric in our analysis. Second, 
the potentials, namely the scalar potential and the black hole potential have to be at 
least C' 2 -fnnctions and their derivative is locally Lipshitz function. Finally, the spacetime 
metric is at least a C' 2 -fnnction. 

The second step is to prove the global existence by showing that the energy func¬ 
tional is bounded above a positive constant between the boundaries. We also take that 
all functions namely the scalar fields, the potentials, and the spacetime metric have to be 
at least a C 2 -function. After some computations, we find that the scalar potential should 
be vanished in the asymptotic region. 

The organization of this paper can be mentioned as follows. In section [2] we review 
shortly N = 1 supergravity coupled with vector and chiral multiplets in four dimensions. 
We describe some aspects of static spacetimes whose boundaries are spaces of constant 
scalar curvature in section |3j In section [4] we prove the local existence of radius dependent 
scalar fields which follows that such static black holes do exist in any compact interval. 
Finally, we employ an energy functional analysis to show the solutions could be globally 
defined in section 0 

2 N = 1 Supergravity Coupled with Vector and Chi¬ 
ral Multiplets 

In this section, we give a short description about four dimensional N = 1 supergravity 
coupled with vector and chiral multiplets. Here, we only write some useful terms for our 
analysis in the paper. For an excellent review, interested reader can further consult, for 
example, ISIS]- 

The theory consists of a gravitational multiplet (e^,Vv), nc chiral multiplet (0\ X*) 
and riy vector multiplets (A“, A a ) where Latin alphabets a, b = 1,..., n v , and i, j = 1,..., n c 
show the number of multiplets and the Greek alphabets /x, v — 0,..., 3 and A, £ = 0,..., 3 
show the spacetime and tangent space index respectively. Here eA“, and p are a 
vierbein, a gauge field, and a complex scalar, respectively, while ip^, X a , and x°‘ are the 
fermion fields. 

Furthermore, the complex scalar fields span a 2n c - dimensional Hodge-Kahler manifold 
Ai 2nc endowed with metric gq = didj K(cp,(p) and a U( 1) connection is defined by Q = 
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— (K t dcf) 1 — Kj dfo), where K(<f>, 0) is a real function called Kaliler potential. Moreover, 
there exists a set of holomorphic functions, ( f a b {^>), VF(0)), which are the gauge couplings 
and the superpotential respectively. The bosonic sector of Lagrangian is given by, 


= -\r + h ab + k ah r ixv T hl ‘ v 

+ Sij(0 i ,^)3„0W - F(0,0) , (2.1) 

where Vs is the real function called the scalar potential which given by, 

1 7{<t>, 0) = e K (g fj VilT VjW - 3 Ww') . (2.2) 

The quantity R is the Ricci scalar of four dimensional spacetime, whereas T C ’ IV is an 
Abelian held strength of and is a Hodge dual of T^ IV . The function h ab and k ab 
are the real and imaginary part of f ab respectively and VjVF = diW + K.,W is a covariant 
derivative in internal manifold, A4 2?lc . It is worth to mention that Lagrangian (I2.1|i is 
invariant under a set of supersymmetry transformations of the fields discussed in » 
The bosonic equations of motions can be obtained by varying the Lagrangian (12.IK 
with respect to g /w , and 0*, and by setting all the fermions are vanish at the level of 
equation of motion. The first equation is namely the Einstein held equation, 

R,w - 7,9fnjR = 9ij - g fj g jlv d p (j) l d p (p 

+ Ah ab r; ip F^r - g,vh ab + g, w v . ( 2 . 3 ) 

The second equation is the equation for gauge helds, 

d v (er^yf^g a 1 ^= 0 , (2.4) 

where 

Ga\ P a = K b J= b pa ~ h ab P pa , (2.5) 

is an electric held strengths tensor. Finally, we have the scalar held equations, 

d tl 9 IJU d^) + d m = d, t h ab - d t k ah ?l v T b ^ - d t V , (2.6) 

with g = det (g pu ). In addition, we have a Bianchi identity 

= 0. (2.7) 

comes from the dehnition of T a pa . 

3 General Setting: Static Spacetimes 

In this section we set a scenario as follows. First of all, we consider the following ansatz 
for spacetime metric, 

ds 2 = -e A(r) dt 2 + e s(r) dr 2 + e c{r) {dd 2 + sin 2 0 dcf 2 ) , (3.1) 
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which is static and has a spherical symmetry. The functions A(r), B(r), and C(r) are a 
smooth real functions. Among the functions Aft), Bft), and C(r), only two of them are 
independent since one can redefine the radial coordinate r to absorb one of them. 

The solution for the gauge field equations. (12,4|h and the Bianchi identity, (12.71) . can 
be obtained by simply taken the case where the only non zero component of the held 
strength tensor are ft) are The solutions are, 

Ha = m«, (3.2) 

with q a and g a are electric and magnetic charges, respectively [7]. Then, by assuming 
that the scalar held is function of radial coordinate only, the scalar held equations, (12.hi) , 
can be written as 

9,3 ft" + d m ft'ft' + l(A'-B' + 2 C') g fj ft' = e B (e^V^H + d t V) , (3.3) 


with v' = du/dr denotes the derivative respect to radial coordinate. The function Vbh is 
called the black hole potential [JJ [8] and it has the form 


where 


Vbh = (9 q) A4 f ^ 


M 


h + kh^k -kh- 1 \ 
-h~ l k h- 1 ) 


(3.4) 


(3.5) 


Now we can construct a class of solutions of equations (12.31) and (j3.3[) for particu¬ 
lar regions, namely near asymptotic and near horizon regions discussed in [lj. Around 
asymptotic region, the scalar helds are frozen, namely 

lim ft' = 0 , 

r—»• 00 

lim 0* = ft , (3.6) 

r—>00 

which implies that both the black hole potential and the scalar potential become constant. 
The black hole solutions can be written as, 

ds 2 = —A (r)dt 2 + A -1 (r)dr 2 + r 2 (dd 2 + sin 2 0 dft) , (3.7) 


with 

AM = 1 + h + % - \vy . (3.8) 

r r z 3 

and 

1/ B ° H = 14h(0o, ft) , ho = V(ft, ft) . (3.9) 

Since A(r) is a positive dehnite function, the geometries of the black hole solution (13.71) has 
a constant scalar curvature which are neither Einstein nor symmetric space. Furthermore, 
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the scalar fields can be written down as, 


E* 


= -- + P\r) g l] d- 3 V BU ^ + Q\r) g* BjV 


0 0 


0 0 


= 4>i + — +(P(r)lg^djV BH • Q(r) (g ij ihV 


00 


00 


(3.10) 


where E* are the scalar charges introduced by [9], The functions P(r) and Q(r) are 


P(r) = - 


Q(r) = 


A 


-i 


r A 1 dr 1 dr . 


dr ) dr , 


(3,11) 


In order to evade the singularity in (13.111) . the frozen scalars should be critical points of 
both the black hole and scalar potentials, namely 

(aVsH)* = o, 

(9iV) fc = o. (3.12) 

On the other hand, in the near-horizon limit the scalar fields are also frozen with 
respect to radial coordinates 


lim </>* 

r^r h 


lim (j) 1 ' 

r-*n j 





0 , 


(3.13) 


and in general (j) l h ^ </>q which can further be viewed as the critical points of the so-called 
effective black hole potential 1 As which is a function of both the black hole potential Vbh 
and the scalar potential V 


V eS = 


1 — y/l — 4VbhV 
2V 


(3.14) 


Here, the black hole geometries are the product of a two dimensional surface M 1,1 and 
the two-sphere S 2 with radius = rh{g,q)- It is worth mentioning that the near horizon 
solution of the scalar fields equation 03.31) has the form 


tf" - 


P - 


l 


-l 




,dV e 


eff 


(Ph) , 


(r - r h y 

K - z~ l H r - r h\ (g lJ ^^(Ph] 


where p h = ( (j ) h , <j) h ) and 


o-i 


V h 

l eff 


A 


- 4V b “hU 


(3.15) 


(3.16) 


is a constant which shows that (p l h are indeed the critical points of V e s in order to have 
a regular solution at the region. The Killing vector analysis at the horizon gives us an 
evidence that M 1,1 must be AdS 2 m- 
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4 Local Existence 


In this section we prove the local existence of non-trivial radius dependent solutions of 
the scalar equations of motions (13.3H . This class of solutions interpolates between the two 
regions, namely the horizon and asymptotic regions. 

Let M 2nc be a 2n c —dimensional Kahler manifold spanned by scalar fields (ft, ft) with 
Kahler potential K = K((f), ft). In this paper, we consider the case where the Kahler 
potential of A4 2 " c is bounded above by a U(n c ) symmetric Kahler potential and satisfies 
several conditions, 


K <$(|0|), 

|r| < |f |, 


(4.1) 

(4.2) 


__ ^ 

where \(f>\ = (Sijftft) 2 and T is the Christoffel symbol of g. Then we have the following 
lemma HU, 


Lemma 1. Let A4 2nc be a Kahler manifold with Kahler potential K = K(<f, ft). If Ai 
satisfies OTTf), and 


2n c 


r 


< e , 


(4.3) 


$ 


where F(\ft) = 
we have the following estimates 


U tj>' 


with = d&/d\ft and e is a non negative constant, then 


\K\ < g |0| 6 + |0| 4 + \f>\ 2 + C 3 , 


(4.4) 

|T| < 2e|0| 3 + C\\(f)\ . (4.5) 

Let f : I C R —> Ai 2n ° is a curve in A4 2nc satisfying differential equations, 

ft" + F(r)ft' = -T)- k ft'ft' + g kl (G(r)d k V BH + H(r)d k V ) , (4.6) 

where F(r) = \ ( A' — B' — 2C"), G(r) = e B ~ 2C and H(r) = e B . We assume that the 
functions F(r),G(r) and H(r) are at least C 2 - real functions. Introducing the new fields, 

vd = ft' , ft = ft' , (4.7) 

then we can write equation (14.61) as a first order equations, 


= 7T 


ft' + F(r)ft = -f l- k ftft + g k ftG(r)d k V BH + H(r)d k V) 

together with their complex conjugate. 

Let u = ( z \ tt 1 ), then we can write equation (j4.8[) as 

du _ 

with 


(4.8) 


J(u,u,r ) = 


7T 


r(r)r - r5j7f%i + 9 « (G(r)d k V BH + H(r)d k V) 


(4.9) 


(4.10) 
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The local existence and uniqueness of the equation (14. 9 p is established using contraction 
mapping theorem by showing the operator J is a locally Lipshitz. Let J = [r/ 1 , r k + 5] C / 
be a real interval with 5 is a small real constant and U C TAi 2nc is an open set. We 
prove the following lemma, 


Lemma 2. Let J be an operator defined by \f.lO ). 
least a C 2 function and satisfying, 

I dkVBH(4>) ~ dkVBH(4>) | < 
\d k V(fi)-d k V((t>)\ < 


If the potentials V and Vbh are at 

c 5 10 - 01 , ( 4 . 11 ) 


then the operator J is a locally Lipshitz with respect to u. 


Proof. From definition of the operator J in equation (14.101) . we have the following esti¬ 
mate, 


\J(r,n(r))\u < |7r(r)| + |F(r)||7r(r)| + (|r(0(r), 0(r))| + l) |7r(r)| 2 

+ |G(r)| \d k V BH \ + \H(r)\ \d k V\ . (4.12) 

Since A4 nc satisfying lemma [U then using equation (14. ip . we can write (I4.12p as, 

\J{r,u(r))\u < (|F(r)| + 1) |7r(r)| + (2e|0(r)| 3 + C'i|(/.(r)| + l) |7r(r)| 2 

+\G(r)\\d k V BH \ + \H(r)\\d k V\. (4.13) 

Since F(r),G(r), H(r) are at least a C 2 real function, then their value are bounded on 
any closed interval. Hence, \J{r, u(r))|[/ is bounded on J. 

Furthermore, for u, u G U , we have the following estimate, 

\J(r,u(r)) - J(r,u(r))\u < (|F(r)| + 1) \<fr(r) - fi{r)\ + |7r(r)| 2 |f - T| 

+ (|r'||7r(r) + 7r(r)| + 1) \n(r) - n(r)\ 
+\G(r)\\d k V BB (4>(r)) - d k V BH {<f[r))\ 

+ \H(r)\\d k V(4>(r)) - d k V{(j>{r))\. (4.14) 

Using equation (14.11) and (14.111) . we can write the equation (14.14j) as 

|J(r,u(r)) - J{r,u(r))\u < {|F(r)| + U 4 |G(r)| + C 5 \H(r)\ + |7r(r)| 2 

(2e|0(0110(0 + 0(0 I + 10(01 2 + Cl) } 10(0 - 0(0 I 

+ | ^2e|0(r)| 3 + Ci|0(O|) 1^(0 + 001 + 

|-7f(r) — 7r(r)|. (4-15) 

Hence, we have 

\J(r,u) - J(r,u)\u < C(|u|, |u|) |u - u|. (4.16) 

Equation (14.161) proves that J is a locally Lipshitz with respect to u. 

□ 
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Write equation (I4.9[) in form of integral equation, 

pr 

u(r) = u (r h ) + J (u(s), u(s), s) ds . 


'r h 


Let 


X = {u G C(J,TA4 nc ) : u( 77 J = u 0 , sup |u(r)| < M} , 

reJ 


equipped with the norm, 


l u IU = su p l u ( r ) 

rg J 


Introducing an operator 1C which defined as follow, 

pr 

/C(u(r)) = u 0 + / dsj (s, u(s)) . 


(4.17) 

(4.18) 

(4.19) 

(4.20) 


'r h 


Based on equation (14.17[) . if u(r) is a solution of the differential equations (14.9[) . then u(r) 
is a fixed point of operator /C. The existence and the uniqueness of the fixed point of the 
operator is guaranteed by the contraction mapping principle. 

In the following lemma, we prove that the operator /C is a mapping from A" to itself 
and it is a contraction mapping. 

Lemma 3. Let 1C be an operator defined by equation U-20[ ). There is a positive constant 
5 such that 1C is a mapping from X to itself and 1C is a contraction mapping on J = 
[r h ,r h + 5]. 

Proof. From definition of the operator fC in equation (14.201) . we have the following esti¬ 
mate, 

pr 

||£(u)||x < ||u 0 |U + sup / ds \ J (s, u(s)) | 


< ||u 0 ||x + sup (\J{r h )\ + C M \n\) (r — r h ) 

r£j 


If we choose, 


< 

II u 0 

< 

II u 0 

< 

II u 0 

5 < 

min 1 


reJ 


'r h 


C M ’ C M M+\\J(r h )\\ 

then /C(u) is a mapping from X to itself. 

Furthermore, for u, u G X we have, 


(4.21) 

(4.22) 


< 

sup / ds\J (s, 

u(s)) - 

- J' 

(s,u(s))| 


reJ Jr h 




< 

sup sup r\J (s, 

u(s)) - 

-J 

(s,u(s))| 


r£j 0 <s<r 




< 

C M S\\u- u||x • 





(4.23) 


Since S satisfies the inequality (14.220 . then the operator 1C is a contraction mapping. 


□ 


Then, by contraction mapping theorem, the operator 1C admits a unique fixed point. 
Hence, for each initial value, there exist a unique local solution of the differential equation 

m • 
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5 Finite Energy Conditions 

In order to have global solutions in = [r^+oo), we need to consider finite energy 
conditions which ensure the existence of such solutions. This aspect is discussed in this 
section as follows. 

Let us first turn to the component of the tensor energy momentum 

Too = e A - B g^'^' + e A ~ 2C V BH + e A V , (5.1) 


whose energy functional is given by 

E — J V-9 (3) T 0 o d 3 x = 4vr J + e ^ B+A+c (e~ B gqtf'fi' + e~ 2 C V BH + v) dr . (5.2) 

Defining Jl = [rp , L\ and Ja = [L, +oo) for finite and large L > ry t . Suppose all functions 
A(r), B(r), and C(r) and all scalar fields </>(r) together with potentials (V, Vbh) are at 
least C 2 -function. On Ja we have A{r) = —B(r) = lnA(r), and C(r) = 2 lnr where A(r) 
is given in (13.81) . Moreover, the scalar fields 0(r) tend to have the form (I3.10p and the 
potentials (V, Vbh) become fixed, namely (Vo, Vbh)- V turns out that in order to have 
finite energy, on Ja the scalar potential V should be vanished. So, the energy (15.21) has 
to be 

E < 4tt sup | [ e~i B+A+c (e^gfrf'ft' + e - 2C V BH + v) dr\ + C 0 (L, E, <j> 0 , E, 0 O ) - (5.3) 

reJi Jr h V J 

for Co > 0 and E* are the scalar charges. The first term in the right hand side of (15.3p is 
also bounded due to the C 2 -smoothness of all functions, fields, and the potentials. This 
shows that E is bounded above a positive constant. 

Therefore, we have proven, 

Theorem 1. Let A4 2nc be a Kahler manifold spanned by scalar fields with potential Kahler 
K. Let V and Vbh o,re scalar and black hole potentials defined by equations \2.S\) and \3.$ , 
respectively. If M. 2nc satisfies lemma[ 7] and V and V B h satisfy condition fl then for 
each initial value u 0 , there is positive constant 5 such that the differential equation \f.9\ ) 
admits a unique local solution on [rh,rh + S\. In particular, this local solution interpolates 
between two region, namely horizon and asymptotic regions, if the scalar potential V 
vanishes in the asymptotic region. 
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